Nomenclature {#nc005}
============

A

:   coefficient matrix for in-plane action

A~s~

:   steady aerodynamic coefficient matrix in structural coordinates

A~sd~

:   unsteady aerodynamic coefficient matrix in structural coordinates

A~vlm~

:   steady aerodynamic coefficient matrix

*B*

:   strain-displacement matrix

d

:   displacement in global coordinates

D

:   stress-strain matrix (isotropic material properties matrix)

J

:   Jacobian Matrix for first order derivatives

K

:   stiffness matrix

M

:   mass matrix

N

:   shape function matrix

w

:   structural bending displacement field

W

:   structural bending nodal displacements

*x, y, z*

:   element local coordinates

**δ**

:   displacement vector in local coordinates

X, Y, Z

:   structural global coordinates

*V*

:   volume

*E*

:   elasticity modulus of the wing material

$V_{\mathit{\inf}}$

:   flow speed

$q_{\infty}$

:   dynamic pressure

$\mathbf{\sigma}$

:   stress

b~r~

:   reference length (half the wing root chord)

**JJ**

:   Jacobian matrix for second order derivatives

*k*

:   reduced frequency

*t*

:   plate wing thickness

*ς*

:   wing damping ratio

$\omega$

:   flutter frequency

$\mathbf{\varepsilon}$

:   strain vector

*ξ, η*

:   reference element coordinates

$\rho$

:   air density

Introduction {#s0005}
============

Numerical methods are usually the first choice for many researchers and engineers to analyze complicated systems because of their accessibility, flexibility and ability to solve complex systems. The Finite Element Method (FEM) as one of the powerful numerical methods for structural analysis comes at the top of the list of all numerical methods. As introduced in many Refs. [@b0005], [@b0010], [@b0015], [@b0020], [@b0025], [@b0030], the method is mainly based on dividing the whole structure into a finite number of elements connected at nodes. The properties of the whole structure such as mass and stiffness, which are continuous in nature, are discretized over the elements and approximate solutions are obtained for the governing equations. The elements equations are assembled together to reach a global system of algebraic equations, which can be solved for the unknown solution variables of the structure. The accuracy of the FEM solution depends on many factors, such as the interpolation polynomials and subsequently the element shape functions, the number of degrees of freedoms selected for each element, the mesh size, and the type of element used. The model accuracy is a result of the deep understanding of the effect of each factor on the final results.

The selection of the element interpolation functions is a key factor in the accuracy of the FEM solution. For this reason, intensive researches have been made to develop new finite elements having different shapes and interpolation functions. There are numerous types of elements for different structural problems. In this paper, the main focus is on two-dimensional shell elements. Finite shell elements such as triangular elements [@b0035], [@b0040], [@b0045], quadrilateral elements [@b0050], [@b0055], higher order elements [@b0060], [@b0065], [@b0070], [@b0075], [@b0080], [@b0085], and improved elements [@b0090] are all tested and approved to achieve an acceptable level of accuracy. Although a vast number of elements are available in literature, researchers cannot easily figure out which element is the most suitable to select for their particular problem. The selection problem is even more difficult for engineers who are mainly interested in the application rather than the theoretical background. Additionally, the detailed mathematical formulation of some thin shell bending elements, especially the higher order ones, cannot be easily found in the literature.

Considering aero-elasticity in which the structural model is coupled to an aerodynamic model adds more complications to the problem, and makes the choice of the suitable element more challenging. Aero-elasticity is crucial for structures such as aircraft, wind turbines, and several other applications in which divergence and flutter phenomena may occur leading to catastrophic failures of the structure. Therefore, designers of these structures are constrained by the design limits and definitely need accurate FEM without being computationally expensive.

Therefore, the aim of the present work is to present a detailed mathematical formulation for different thin shell finite elements along with a complete comparison between them for specific problems in structures and aero-elasticity. The results of the selected elements are compared based on (1) solution accuracy of each element, (2) number of elements needed to achieve convergence, and (3) computational time. The comparison is for free vibration analysis, stress analysis, aero-elastic analysis, and laminated composite analysis. Five different elements are selected for the present comparison with different nature. These finite elements are(1)Three-node linear triangular element [@b0005] denoted as LINTRI.(2)Four-node linear quadrilateral element [@b0005] denoted as LINQUAD.(3)Four-node linear quadrilateral element based on deformation modes (MKQ12 [@b0090]).(4)Eight-node quadrilateral element denoted as QUAD8NOD.(5)Nine-node quadrilateral element denoted as QUAD9NOD.

These elements are selected with different nature ranging from linear to higher order, triangular to quadrilateral, and improved to regular elements to provide wide range of variety to the present comparison. All these elements are tested using bench mark problems from the literature [@b0095], [@b0100] for elastic and aero-elastic analyses with analytical results and/or experimental measurements. The element shape functions are derived using *MATHEMATICA* [@b0105] software and then implemented into *MATLAB* [@b0110] codes to solve the selected problems.

The finite elements' formulation {#s0010}
================================

The present finite element model is based on either the classical plate theory for metallic materials or laminated plate theory for composite materials. Both are based on the Kirchhoff assumptions which neglect the transverse shear and transverse normal effects [@b0010].

To formulate a finite shell element there is a standard procedure that is usually followed.(1)Start from the weak (integral) form of the governing equation.(2)Assume suitable interpolation polynomials for both the in-plane **P~p~** and bending **P~b~** displacement fields.(3)Calculate the coefficients of these polynomials by applying the nodal movement conditions.(4)Determine the shape functions for both the in-plane **N~p~** and bending **N~b~** actions**.**(5)Derive the strain-displacement matrix **B** from the shape functions' derivatives.(6)Integrate to obtain the element stiffness matrix **K** knowing the material elasticity matrix and the strain displacement relationships.(7)Calculate the element mass matrix **M^e^** from the element shape functions and the material density ρ, and finally,(8)The structural matrices **K** and **M** can be obtained by assembling the element matrices obtained in steps 6 and 7.

All these steps were followed for each element considered in the current study to derive the element shape functions, strain-displacement relationships, stiffness, and mass matrices for both the in-plane and bending actions. The element shape functions, presented in this section, are derived using *MATHEMATICA* software. All the strain-displacement matrices, stiffness, and mass matrices are numerically integrated using *MATLAB* software.

General formulation {#s0015}
===================

In the present section, general formulation of the element shape functions and strain displacement matrices is developed. Based on this formulation all the shell elements' shape functions and subsequently the elements' equations are derived

In-plane action {#s0020}
---------------

An interpolation function is chosen from Pascal's Triangle [@b0005], [@b0010],$$u = \mathbf{P}_{\mathbf{p}}\mathbf{a}$$where *u* is the in-plane displacement field at any point through the element and **a** is a vector of constants to be determined from the nodal in-plane displacements **U**.$$\mathbf{U} = \mathbf{Aa}$$$$\mathbf{U} = \begin{Bmatrix}
u_{1} \\
v_{1} \\
 \vdots \\
u_{\mathit{nnod}} \\
v_{\mathit{nnod}} \\
 \\
\end{Bmatrix}$$nnod represents the total number of nodes in an element. The size of **U** equals the total element in-plane degrees of freedoms.

Finally, the in-plane shape functions can be obtained,$$\mathbf{N}_{\mathbf{p}} = \mathbf{P}_{\mathbf{p}}\mathbf{A}^{- 1}$$

The in-plane strain displacement matrix can be obtained from the shape functions' derivatives by using the Jacobian matrix definition$$\mathbf{B}_{\mathbf{p}} = \begin{Bmatrix}
\varepsilon_{x} \\
\varepsilon_{y} \\
\gamma_{\mathit{xy}} \\
 \\
\end{Bmatrix} = \begin{Bmatrix}
u_{\text{,}x} \\
u_{\text{,}y} \\
{u_{\text{,}y} + v_{\text{,}x}} \\
 \\
\end{Bmatrix} = \begin{Bmatrix}
\mathbf{N}_{\mathbf{p}\text{,}\mathbf{x}} \\
\mathbf{N}_{\mathbf{p}\text{,}\mathbf{y}} \\
{\mathbf{N}_{\mathbf{p}\text{,}\mathbf{y}} + \mathbf{N}_{\mathbf{p}\text{,}\mathbf{x}}} \\
 \\
\end{Bmatrix} = \frac{1}{J_{\det}}\begin{bmatrix}
J_{4} & {- J_{2}} \\
{- J_{3}} & J_{1} \\
{J_{4} - J_{3}} & {J_{1} - J_{2}} \\
 & \\
\end{bmatrix}\begin{Bmatrix}
\mathbf{N}_{\mathbf{p}\text{,}\mathbf{\xi}} \\
\mathbf{N}_{\mathbf{p}\text{,}\mathbf{\eta}} \\
 \\
\end{Bmatrix}\mathbf{U}$$where $J_{1}\text{,}J_{2}\text{,}J_{3}\text{,}J_{4}$ are the elements of the Jacobian matrix and $J_{\det}$ is the Jacobian determinant$$\mathbf{J} = \begin{bmatrix}
J_{1} & J_{2} \\
J_{3} & J_{4} \\
 & \\
\end{bmatrix} = \begin{bmatrix}
x_{\text{,}\xi} & y_{\text{,}\xi} \\
x_{\text{,}\eta} & y_{\text{,}\eta} \\
 & \\
\end{bmatrix}\text{,}J_{\det} = J_{1}J_{4} - J_{3}J_{2}$$

Bending action {#s0025}
--------------

An interpolation function is chosen either from Pascal's Triangle or based on the displacements modes,$$w = \mathbf{P}_{\mathbf{b}}\mathbf{a}$$where *w* is the bending displacement at any point on the element, from which we can obtain the rotation around the *x-*axis (*θ~x~*) and the *y*-axis (*θ~y~*) using the Jacobian matrix.$$\theta_{x} = \frac{\delta w}{\delta y}\text{,}\mspace{6mu}\text{and}\mspace{6mu}\theta_{y} = - \frac{\delta w}{\delta x}$$

Note that the Jacobian matrix elements are rearranged in $\mathbf{J}_{\ast}$ so that the displacement rotations are defined as,$$\begin{Bmatrix}
\theta_{x} \\
\theta_{y} \\
 \\
\end{Bmatrix} = \frac{1}{J_{\det}}\begin{bmatrix}
{- J_{3}} & J_{1} \\
{- J_{4}} & J_{2} \\
 & \\
\end{bmatrix}\begin{Bmatrix}
w_{\text{,}\xi} \\
w_{\text{,}\eta} \\
 \\
\end{Bmatrix} = \mathbf{J}_{\ast}^{- 1}\begin{Bmatrix}
w_{\text{,}\xi} \\
w_{\text{,}\eta} \\
 \\
\end{Bmatrix}$$

Then, the three bending displacements can be calculated from the equation,$$\begin{Bmatrix}
w \\
\theta_{x} \\
\theta_{y} \\
 \\
\end{Bmatrix} = \begin{bmatrix}
1 & 0 \\
0 & \mathbf{J}_{\ast}^{- 1} \\
 & \\
\end{bmatrix}\begin{Bmatrix}
\mathbf{P}_{\mathbf{b}} \\
\mathbf{P}_{\mathbf{b}\text{,}\xi} \\
\mathbf{P}_{\mathbf{b}\text{,}\eta} \\
 \\
\end{Bmatrix}\mathbf{a} = \begin{bmatrix}
1 & 0 \\
0 & \mathbf{J}_{\ast}^{- 1} \\
 & \\
\end{bmatrix}\mathbf{c}\mspace{6mu}\mathbf{a}$$**a** is the coefficients vector to be determined from the out of plane nodal displacements **W**. The bending shape functions will have the form$$\mathbf{N}_{\mathbf{b}} = \mathbf{P}_{\mathbf{b}}\mathbf{C}^{- 1}\begin{bmatrix}
1 & 0 \\
0 & \mathbf{J}_{\ast} \\
 & \\
\end{bmatrix}$$where the **C** matrix is calculated from the **c** matrix after applying the nodal boundary conditions, and$$\begin{Bmatrix}
w \\
\theta_{x} \\
\theta_{y} \\
 \\
\end{Bmatrix} = \mathbf{N}_{\mathbf{b}}\begin{Bmatrix}
w_{1} \\
\theta_{x1} \\
\theta_{y1} \\
 \vdots \\
w_{\mathit{nnod}} \\
\theta_{\mathit{xnnod}} \\
\theta_{\mathit{ynnod}} \\
 \\
\end{Bmatrix} = \mathbf{N}_{\mathbf{b}}\mathbf{W}$$

Then the strain-displacement matrix can be derived and simplified from the Jacobian definition for second order derivatives. They were derived and simplified by the authors to have the form$$\mathbf{B}_{\mathbf{b}} = \begin{Bmatrix}
w_{\mathit{xx}} \\
w_{\mathit{yy}} \\
{2w_{\mathit{xy}}} \\
 \\
\end{Bmatrix} = \mathbf{JJ}^{- 1}\begin{Bmatrix}
w_{\xi\xi} \\
w_{\eta\eta} \\
{2w_{\xi\eta}} \\
 \\
\end{Bmatrix}$$where $\mathbf{JJ}$ is the Jacobian Matrix for the second order derivatives, which can be calculated using the elements of the regular Jacobian matrix to have the form,$$\begin{Bmatrix}
w_{\xi\xi} \\
w_{\eta\eta} \\
{2w_{\xi\eta}} \\
 \\
\end{Bmatrix} = \begin{bmatrix}
J_{1}^{2} & J_{2}^{2} & {J_{1}J_{2}} \\
J_{3}^{2} & J_{4}^{2} & {J_{3}J_{4}} \\
{2J_{1}J_{3}} & {2J_{2}J_{4}} & {J_{2}J_{3} + J_{1}J_{4}} \\
 & & \\
\end{bmatrix}\begin{Bmatrix}
w_{\mathit{xx}} \\
w_{\mathit{yy}} \\
{2w_{\mathit{xy}}} \\
 \\
\end{Bmatrix} = \mathbf{JJ}.\begin{Bmatrix}
w_{\mathit{xx}} \\
w_{\mathit{yy}} \\
{2w_{\mathit{xy}}} \\
 \\
\end{Bmatrix}$$

The inverse of the Jacobian Matrix for the second order derivatives is$$\mathbf{JJ}^{- 1} = \frac{1}{J_{\det}^{2}}\begin{bmatrix}
J_{4}^{2} & J_{2}^{2} & {- J_{2}J_{4}} \\
J_{3}^{2} & J_{1}^{2} & {- J_{1}J_{3}} \\
{- 2J_{3}J_{4}} & {- 2J_{1}J_{2}} & {J_{2}J_{3} + J_{1}J_{4}} \\
 & & \\
\end{bmatrix}$$

Based on this simple and detailed mathematical implementation, the considered elements' equations can be derived. All the shape functions for those elements are presented in the following sections.

Notice that $\mathbf{P}_{\mathbf{b}}$ and $\mathbf{P}_{\mathbf{p}}$ are represented as row vectors all over the present paper.

The linear triangular element (LINTRI) {#s0030}
======================================

The LINTRI thin-shell element has three nodes. The element has six degrees of freedom per node with a total of 18 degrees of freedom. [Fig. 1](#f0005){ref-type="fig"}a shows a schematic of the element with the element global, local, and reference coordinates. The element interpolation and shape functions are derived in the following.Fig. 1Finite elements local and reference coordinates.

For in-plane action {#s0035}
-------------------

The interpolation polynomial for in-plane action has the form$$\mathbf{P}_{\mathbf{p}} = \begin{Bmatrix}
{1\text{,}} & {\xi\text{,}} & \eta \\
 & & \\
\end{Bmatrix}$$and subsequently the in-plane shape functions have the form$$\mathbf{N}_{\mathbf{p}} = \begin{Bmatrix}
{1 - \eta} & {\eta - \xi} & \xi \\
 & & \\
\end{Bmatrix}$$

For bending action {#s0040}
------------------

The interpolation polynomial for bending action based on the element area coordinates has the form$$\mathbf{P}_{\mathbf{b}} = \left\{ \begin{array}{l}
{\xi\text{,}\eta\text{,}1 - \eta - \xi\text{,}\eta\xi\text{,} - \eta( - 1 + \eta + \xi)\text{,} - \xi( - 1 + \eta + \xi)\text{,}\eta\xi^{2}\text{,}} \\
{- \eta^{2}( - 1 + \eta + \xi)\text{,}\xi{( - 1 + \eta + \xi)}^{2}} \\
\end{array} \right\}$$and subsequently the bending shape functions are$$\begin{aligned}
 & {N_{b1} = ( - 1 + \eta + \xi)(2\eta^{2} + \eta( - 1 + 2\xi) + ( - 1 + \xi)(1 + 2\xi))} \\
 & {N_{b2} = ( - 1 + \eta + \xi)(J_{4}( - 1 + \eta)\eta + J_{2}\xi( - 1 + \eta + \xi))} \\
 & {N_{b3} = - ( - 1 + \eta + \xi)(J_{3}( - 1 + \eta)\eta + J_{1}\xi( - 1 + \eta + \xi))} \\
 & {N_{b4} = - \eta(2\eta^{2} + 2( - 1 + \xi)\xi + \eta( - 3 + 2\xi))} \\
 & {N_{b5} = \eta( - J_{2}( - 1 + \xi)\xi + J_{4}(\eta^{2} + \eta( - 1 + \xi) + ( - 1 + \xi)\xi))} \\
 & {N_{b6} = - \eta( - J_{1}( - 1 + \xi)\xi + J_{3}(\eta^{2} + \eta( - 1 + \xi) + ( - 1 + \xi)\xi))} \\
 & {N_{b7} = - \xi( - 3\xi + 2(\eta^{2} + \eta( - 1 + \xi) + \xi^{2}))} \\
 & {N_{b8} = \xi(J_{4}\eta\xi + J_{2}(\eta^{2} + \eta( - 1 + \xi) + ( - 1 + \xi)\xi))} \\
 & {N_{b9} = - \xi(J_{3}\eta\xi + J_{1}(\eta^{2} + \eta( - 1 + \xi) + ( - 1 + \xi)\xi))} \\
\end{aligned}$$

The linear quadrilateral element (LINQUAD) {#s0045}
==========================================

The LINQUAD element consists of four nodes. It has six degrees of freedom per node with a total of 24 degrees of freedom. [Fig. 1](#f0005){ref-type="fig"}b shows a schematic of the element with the global, local, and reference coordinates. The element interpolation and shape functions are derived to be as follows.

For in-plane action {#s0050}
-------------------

The interpolation polynomial for in-plane action selected from Pascal's Triangle has the form$$\mathbf{P}_{\mathbf{p}} = \begin{Bmatrix}
{1\text{,}} & {\xi\text{,}} & {\eta\text{,}} & {\eta\xi} \\
 & & & \\
\end{Bmatrix}$$and subsequently the in-plane shape functions have the form$$\mathbf{N}_{\mathbf{p}} = \frac{1}{4}\begin{Bmatrix}
{(1 - \eta)(1 - \xi)} & {(1 - \eta)(1 + \xi)} & {(1 + \eta)(1 + \xi)} & {(1 + \eta)(1 - \xi)} \\
 & & & \\
\end{Bmatrix}$$

For bending action {#s0055}
------------------

The interpolation basis functions for bending action selected from Pascal's Triangle has the form$$\mathbf{P}_{\mathbf{b}} = \{ 1\text{,}\xi\text{,}\eta\text{,}\xi^{2}\text{,}\eta\xi\text{,}\eta^{2}\text{,}\xi^{3}\text{,}\eta\xi^{2}\text{,}\eta^{2}\xi\text{,}\eta^{3}\text{,}\eta\xi^{3}\text{,}\eta^{3}\xi\}$$$$\begin{aligned}
 & {N_{b1} = - \frac{1}{8}( - 1 + \eta)( - 1 + \xi)( - 2 + \eta + \eta^{2} + \xi + \xi^{2})} \\
 & {N_{b2} = - \frac{1}{8}( - 1 + \eta)( - 1 + \xi)(J_{4}( - 1 + \eta^{2}) + J_{2}( - 1 + \xi^{2}))} \\
 & {N_{b3} = \frac{1}{8}( - 1 + \eta)( - 1 + \xi)(J_{3}( - 1 + \eta^{2}) + J_{1}( - 1 + \xi^{2}))} \\
 & {N_{b4} = \frac{1}{8}( - 1 + \eta)(1 + \xi)(\eta + \eta^{2} + ( - 2 + \xi)(1 + \xi))} \\
 & {N_{b5} = \frac{1}{8}( - 1 + \eta)(1 + \xi)(J_{2} + J_{4}( - 1 + \eta^{2}) - J_{2}\xi^{2})} \\
 & {N_{b6} = \frac{1}{8}( - 1 + \eta)(1 + \xi)(J_{3} - J_{3}\eta^{2} + J_{1}( - 1 + \xi^{2}))} \\
\end{aligned}$$and subsequently the bending shape functions are$$\begin{aligned}
 & {N_{b7} = - \frac{1}{8}(1 + \eta)(1 + \xi)(( - 1 + \eta)\eta + ( - 2 + \xi)(1 + \xi))} \\
 & {N_{b8} = \frac{1}{8}(1 + \eta)(1 + \xi)(J_{4}( - 1 + \eta^{2}) + J_{2}( - 1 + \xi^{2}))} \\
 & {N_{b9} = - \frac{1}{8}(1 + \eta)(1 + \xi)(J_{3}( - 1 + \eta^{2}) + J_{1}( - 1 + \xi^{2}))} \\
 & {N_{b10} = \frac{1}{8}(1 + \eta)( - 1 + \xi)( - 2 + ( - 1 + \eta)\eta + \xi + \xi^{2})} \\
 & {N_{b11} = \frac{1}{8}(1 + \eta)( - 1 + \xi)(J_{4} - J_{4}\eta^{2} + J_{2}( - 1 + \xi^{2}))} \\
 & {N_{b12} = \frac{1}{8}(1 + \eta)( - 1 + \xi)(J_{1} + J_{3}( - 1 + \eta^{2}) - J_{1}\xi^{2})} \\
\end{aligned}$$

The linear quadrilateral element based on deformation modes (MKQ12) {#s0060}
===================================================================

The MKQ12 element has four nodes. It has six degrees of freedom per node with a total of 24 degrees of freedom. It has the global, local, and reference coordinates shown in [Fig. 1](#f0005){ref-type="fig"}b. This element was introduced by Karkon and Rezaiee-Pajand [@b0090]. It has the same in-plane shape functions of the LINQUAD element but with improved bending shape functions based on the deformation modes.$$\mathbf{P}_{\mathbf{b}} = \left\{ \begin{array}{l}
{1\text{,}\xi\text{,}\eta\text{,}\eta\xi\text{,}0.5( - 1 + \xi^{2})\text{,}0.5( - 1 + \eta^{2})\text{,}0.5\xi( - 1 + \xi^{2})\text{,}0.5\eta( - 1 + \eta^{2})\text{,}} \\
{0.25( - 1 + \eta^{2})\xi(3 - \xi^{2})\text{,}0.25\eta(3 - \eta^{2})( - 1 + \xi^{2})\text{,}} \\
{0.25\eta( - 1 + \eta^{2})\xi(3 - \xi^{2})\text{,}0.25\eta(3 - \eta^{2})\xi( - 1 + \xi^{2})} \\
\end{array} \right\}$$

The shape functions are then$$\begin{aligned}
 & {N_{b1} = \frac{1}{8}( - 1 + \eta)( - 1 + \xi)(2 - \eta - \eta^{2} - \xi + \eta\xi + \eta^{2}\xi - \xi^{2} + \eta\xi^{2} + \eta^{2}\xi^{2})} \\
 & {N_{b2} = \frac{1}{16}{( - 1 + \eta)}^{2}{( - 1 + \xi)}^{2}(2J_{1} + 2J_{3} + J_{1}\eta + 2J_{3}\eta + 2J_{1}\xi + J_{3}\xi + J_{1}\eta\xi + J_{3}\eta\xi)} \\
 & {N_{b3} = \frac{1}{16}{( - 1 + \eta)}^{2}{( - 1 + \xi)}^{2}(2J_{2} + 2J_{4} + J_{2}\eta + 2J_{4}\eta + 2J_{2}\xi + J_{4}\xi + J_{2}\eta\xi + J_{4}\eta\xi)} \\
 & {N_{b4} = \frac{1}{8}( - 1 + \eta)(1 + \xi)( - 2 + \eta + \eta^{2} - \xi + \eta\xi + \eta^{2}\xi + \xi^{2} - \eta\xi^{2} - \eta^{2}\xi^{2})} \\
 & {N_{b5} = \frac{1}{16}{( - 1 + \eta)}^{2}{(1 + \xi)}^{2}( - 2J_{1} + 2J_{3} - J_{1}\eta + 2J_{3}\eta + 2J_{1}\xi - J_{3}\xi + J_{1}\eta\xi - J_{3}\eta\xi)} \\
 & {N_{b6} = \frac{1}{16}{( - 1 + \eta)}^{2}{(1 + \xi)}^{2}( - 2J_{2} + 2J_{4} - J_{2}\eta + 2J_{4}\eta + 2J_{2}\xi - J_{4}\xi + J_{2}\eta\xi - J_{4}\eta\xi)} \\
 & {N_{b7} = \frac{1}{8}(1 + \eta)(1 + \xi)(2 + \eta - \eta^{2} + \xi + \eta\xi - \eta^{2}\xi - \xi^{2} - \eta\xi^{2} + \eta^{2}\xi^{2})} \\
 & {N_{b8} = \frac{1}{16}{(1 + \eta)}^{2}{(1 + \xi)}^{2}( - 2J_{1} - 2J_{3} + J_{1}\eta + 2J_{3}\eta + 2J_{1}\xi + J_{3}\xi - J_{1}\eta\xi - J_{3}\eta\xi)} \\
 & {N_{b9} = \frac{1}{16}{(1 + \eta)}^{2}{(1 + \xi)}^{2}( - 2J_{2} - 2J_{4} + J_{2}\eta + 2J_{4}\eta + 2J_{2}\xi + J_{4}\xi - J_{2}\eta\xi - J_{4}\eta\xi)} \\
 & {N_{b10} = \frac{1}{8}(1 + \eta)( - 1 + \xi)( - 2 - \eta + \eta^{2} + \xi + \eta\xi - \eta^{2}\xi + \xi^{2} + \eta\xi^{2} - \eta^{2}\xi^{2})} \\
 & {N_{b11} = \frac{1}{16}{(1 + \eta)}^{2}{( - 1 + \xi)}^{2}(2J_{1} - 2J_{3} - J_{1}\eta + 2J_{3}\eta + 2J_{1}\xi - J_{3}\xi - J_{1}\eta\xi + J_{3}\eta\xi)} \\
 & {N_{b12} = \frac{1}{16}{(1 + \eta)}^{2}{( - 1 + \xi)}^{2}(2J_{2} - 2J_{4} - J_{2}\eta + 2J_{4}\eta + 2J_{2}\xi - J_{4}\xi - J_{2}\eta\xi + J_{4}\eta\xi)} \\
\end{aligned}$$

The eight-node quadrilateral element (QUAD8NOD) {#s0065}
===============================================

The QUAD8NOD element has eight nodes. It has six degrees of freedom per node with a total of 48 degrees of freedom. [Fig. 1](#f0005){ref-type="fig"}c shows a schematic of the element with the global, local, and reference coordinates. The element interpolation and shape functions were derived in the following.

For in-plane action {#s0070}
-------------------

The interpolation polynomial for in-plane action selected from Pascal's Triangle has the form$$\mathbf{P}_{\mathbf{p}} = \begin{Bmatrix}
{1\text{,}} & {\xi\text{,}} & {\eta\text{,}} & {\eta\xi\text{,}} & {\xi^{2}\text{,}} & {\eta^{2}\text{,}} & {\xi^{2}\eta\text{,}} & {\eta^{2}\xi} \\
 & & & & & & & \\
\end{Bmatrix}$$and subsequently the in-plane shape functions have the form$$\begin{aligned}
 & {N_{p1} = \frac{1}{4}(1 - \eta)(1 - \xi)( - 1 - \eta - \xi)\text{,}N_{p2} = \frac{1}{4}(1 - \eta)(1 + \xi)( - 1 - \eta + \xi)} \\
 & {N_{p3} = \frac{1}{4}(1 + \eta)(1 + \xi)( - 1 + \eta + \xi)\text{,}N_{p4} = \frac{1}{4}(1 + \eta)(1 - \xi)( - 1 + \eta - \xi)} \\
 & {N_{p5} = \frac{1}{2}(1 - \eta)(1 - \xi)(1 + \xi)\text{,}N_{p6} = \frac{1}{2}(1 - \eta)(1 + \eta)(1 + \xi)} \\
 & {N_{p7} = \frac{1}{2}(1 + \eta)(1 - \xi)(1 + \xi)\text{,}N_{p8} = \frac{1}{2}(1 - \eta)(1 + \eta)(1 - \xi)} \\
\end{aligned}$$

For bending action {#s0075}
------------------

The interpolation polynomial for bending action was selected carefully from the well-known Pascal Triangle. Initially, the following basis functions were selected;$$\mathbf{P}_{\mathbf{b}} = \begin{Bmatrix}
{1\text{,}\xi\text{,}\eta\text{,}\xi^{2}\text{,}\eta\xi\text{,}\eta^{2}\text{,}\xi^{3}\text{,}\eta\xi^{2}\text{,}\eta^{2}\xi\text{,}\eta^{3}\text{,}\xi^{4}\text{,}\eta\xi^{3}\text{,}\eta^{3}\xi\text{,}\eta^{2}\xi^{2}} \\
{\eta^{4}\text{,}\xi^{5}\text{,}\eta\xi^{4}\text{,}\eta^{2}\xi^{3}\text{,}\eta^{3}\xi^{2}\text{,}\eta^{4}\xi\text{,}\eta^{5}\text{,}\eta^{2}\xi^{4}\text{,}\eta^{3}\xi^{3}\text{,}\eta^{4}\xi^{2}} \\
\end{Bmatrix}$$

Using the above basis functions yields a singular **C** matrix. The rank of the matrix turns out to be 22 instead of 24, which indicates that two terms result in repeated equations. Different terms have been replaced with higher order terms to detect the reason for the singularity. The analysis revealed that the bilinear term $\eta\xi$, the biquadratic term $\eta^{2}\xi^{2}$, and the bicubic term $\eta^{3}\xi^{3}$ all yield similar equations. Therefore, the biquadratic and bicubic terms were replaced with $\eta\xi^{5}$ and $\eta^{5}\xi$. Finally, the bending interpolation function for the QUAD8NOD element is;$$\mathbf{P}_{\mathbf{b}} = \begin{Bmatrix}
{1\text{,}\xi\text{,}\eta\text{,}\xi^{2}\text{,}\eta\xi\text{,}\eta^{2}\text{,}\xi^{3}\text{,}\eta\xi^{2}\text{,}\eta^{2}\xi\text{,}\eta^{3}\text{,}\xi^{4}\text{,}\eta\xi^{3}\text{,}\eta^{3}\xi\text{,}} \\
{\eta^{4}\text{,}\xi^{5}\text{,}\eta\xi^{4}\text{,}\eta^{2}\xi^{3}\text{,}\eta^{3}\xi^{2}\text{,}\eta^{4}\xi\text{,}\eta^{5}\text{,}\eta\xi^{5}\text{,}\eta^{2}\xi^{4}\text{,}\eta^{4}\xi^{2}\text{,}\eta^{5}\xi} \\
\end{Bmatrix}$$

This choice eliminates all the singularities, and subsequently the bending shape functions are$$\begin{aligned}
 & {N_{b1} = - \frac{1}{8}( - 1 + \eta)( - 1 + \xi)(\eta^{3} + 3\eta^{4} - \eta{(1 + \xi)}^{2} - \eta^{2}(5 + \xi) + ( - 1 + \xi){(1 + \xi)}^{2}( - 2 + 3\xi))} \\
 & {N_{b2} = \frac{1}{24}\begin{pmatrix}
{J_{4}( - 1 + \eta^{2})( - 1 + \xi)( - 3\eta^{3} + \eta^{2}(1 - 2\xi) + 3\eta(1 + \xi) + ( - 1 + \xi){(1 + \xi)}^{2})} \\
{+ J_{2}( - 1 + \eta)( - 1 + \xi^{2})( - 1 + \eta^{2} + \eta^{3} + \eta( - 1 + (3 - 2\xi)\xi) + \xi(3 + \xi - 3\xi^{2}))} \\
\end{pmatrix}} \\
 & {N_{b3} = \frac{1}{24}( - 1 + \eta)( - 1 + \xi)\begin{pmatrix}
{J_{3}(1 + \eta)(1 + 3\eta^{3} + \xi - 3\eta(1 + \xi) - \xi^{2}(1 + \xi) + \eta^{2}( - 1 + 2\xi))} \\
{- J_{1}(1 + \xi)( - 1 + \eta^{2} + \eta^{3} + \eta( - 1 + (3 - 2\xi)\xi) + \xi(3 + \xi - 3\xi^{2}))} \\
\end{pmatrix}} \\
 & {N_{b4} = \frac{1}{8}( - 1 + \eta)(1 + \xi)(\eta^{3} + 3\eta^{4} + \eta^{2}( - 5 + \xi) - \eta{( - 1 + \xi)}^{2} + {( - 1 + \xi)}^{2}(1 + \xi)(2 + 3\xi))} \\
 & {N_{b5} = \frac{1}{24}( - 1 + \eta)(1 + \xi)\begin{pmatrix}
{J_{4}(1 + \eta)(3\eta^{3} + 3\eta( - 1 + \xi) + {( - 1 + \xi)}^{2}(1 + \xi) - \eta^{2}(1 + 2\xi))} \\
{- J_{2}( - 1 + \xi)(\eta^{2} + \eta^{3} - \eta(1 + \xi)(1 + 2\xi) + ( - 1 + \xi)(1 + \xi)(1 + 3\xi))} \\
\end{pmatrix}} \\
 & {N_{b6} = - \frac{1}{24}( - 1 + \eta)(1 + \xi)\begin{pmatrix}
{J_{3}(1 + \eta)(3\eta^{3} + 3\eta( - 1 + \xi) + {( - 1 + \xi)}^{2}(1 + \xi) - \eta^{2}(1 + 2\xi))} \\
{- J_{1}( - 1 + \xi)(\eta^{2} + \eta^{3} - \eta(1 + \xi)(1 + 2\xi) + ( - 1 + \xi)(1 + \xi)(1 + 3\xi))} \\
\end{pmatrix}} \\
 & {N_{b7} = - \frac{1}{8}(1 + \eta)(1 + \xi)( - \eta^{3} + 3\eta^{4} + \eta^{2}( - 5 + \xi) + \eta{( - 1 + \xi)}^{2} + {( - 1 + \xi)}^{2}(1 + \xi)(2 + 3\xi))} \\
 & {N_{b8} = \frac{1}{24}(1 + \eta)(1 + \xi)\begin{pmatrix}
{J_{4}( - 1 + \eta)( - 1 + \eta( - 3 + \eta + 3\eta^{2}) + \xi + \eta(3 + 2\eta)\xi + \xi^{2} - \xi^{3})} \\
{+ J_{2}( - 1 + \xi)(\eta^{2} - \eta^{3} + \eta(1 + \xi)(1 + 2\xi) + ( - 1 + \xi)(1 + \xi)(1 + 3\xi))} \\
\end{pmatrix}} \\
 & {N_{b9} = - \frac{1}{24}(1 + \eta)(1 + \xi)\begin{pmatrix}
{J_{3}( - 1 + \eta)( - 1 + \eta( - 3 + \eta + 3\eta^{2}) + \xi + \eta(3 + 2\eta)\xi + \xi^{2} - \xi^{3})} \\
{+ J_{1}( - 1 + \xi)(\eta^{2} - \eta^{3} + \eta(1 + \xi)(1 + 2\xi) + ( - 1 + \xi)(1 + \xi)(1 + 3\xi))} \\
\end{pmatrix}} \\
 & {N_{b10} = \frac{1}{8}(1 + \eta)( - 1 + \xi)({( - 1 + \eta)}^{2}(1 + \eta)(2 + 3\eta) - {( - 1 + \eta)}^{2}\xi + ( - 5 + \eta)\xi^{2} + \xi^{3} + 3\xi^{4})} \\
 & {N_{b11} = \frac{1}{24}\begin{pmatrix}
{J_{2}(1 + \eta)( - 1 + \xi^{2})({( - 1 + \eta)}^{2}(1 + \eta) + 3( - 1 + \eta)\xi - (1 + 2\eta)\xi^{2} + 3\xi^{3})} \\
{- J_{4}( - 1 + \eta^{2})( - 1 + \xi)(3\eta^{3} + \eta^{2}(1 - 2\xi) - 3\eta(1 + \xi) + ( - 1 + \xi){(1 + \xi)}^{2})} \\
\end{pmatrix}} \\
 & {N_{b12} = \frac{1}{24}\begin{pmatrix}
{- J_{1}(1 + \eta)( - 1 + \xi^{2})({( - 1 + \eta)}^{2}(1 + \eta) + 3( - 1 + \eta)\xi - (1 + 2\eta)\xi^{2} + 3\xi^{3})} \\
{+ J_{3}( - 1 + \eta^{2})( - 1 + \xi)(3\eta^{3} + \eta^{2}(1 - 2\xi) - 3\eta(1 + \xi) + ( - 1 + \xi){(1 + \xi)}^{2})} \\
\end{pmatrix}} \\
 & {N_{b13} = - \frac{1}{4}( - 1 + \eta)( - 1 + \xi^{2})( - 2 + \eta + \eta^{2} + 2\xi^{2})} \\
 & {N_{b14} = \frac{1}{12}( - 1 + \eta)( - 1 + \xi^{2})(J_{4}(1 + \eta)(1 + \eta( - 3 + 2\eta) - \xi^{2}) - 6J_{2}\xi( - 1 + \xi^{2}))} \\
 & {N_{b15} = - \frac{1}{12}( - 1 + \eta)( - 1 + \xi^{2})(J_{3}(1 + \eta)(1 + \eta( - 3 + 2\eta) - \xi^{2}) - 6J_{1}\xi( - 1 + \xi^{2}))} \\
\end{aligned}$$$$\begin{aligned}
 & {N_{b16} = \frac{1}{4}( - 1 + \eta^{2})(1 + \xi)(2\eta^{2} + ( - 2 + \xi)(1 + \xi))} \\
 & {N_{b17} = \frac{1}{12}( - 1 + \eta^{2})(1 + \xi)(6J_{4}\eta( - 1 + \eta^{2}) + J_{2}( - 1 + \xi)(\eta^{2} - (1 + \xi)(1 + 2\xi)))} \\
 & {N_{b18} = - \frac{1}{12}( - 1 + \eta^{2})(1 + \xi)(6J_{3}\eta( - 1 + \eta^{2}) + J_{1}( - 1 + \xi)(\eta^{2} - (1 + \xi)(1 + 2\xi)))} \\
 & {N_{b19} = \frac{1}{4}(1 + \eta)( - 1 + \xi^{2})( - 2 - \eta + \eta^{2} + 2\xi^{2})} \\
 & {N_{b20} = - \frac{1}{12}(1 + \eta)( - 1 + \xi^{2})(J_{4}( - 1 + \eta)(1 + \eta(3 + 2\eta) - \xi^{2}) - 6J_{2}\xi( - 1 + \xi^{2}))} \\
 & {N_{b21} = \frac{1}{12}(1 + \eta)( - 1 + \xi^{2})(J_{3}( - 1 + \eta)(1 + \eta(3 + 2\eta) - \xi^{2}) - 6J_{1}\xi( - 1 + \xi^{2}))} \\
 & {N_{b22} = - \frac{1}{4}( - 1 + \eta^{2})( - 1 + \xi)( - 2 + 2\eta^{2} + \xi + \xi^{2})} \\
 & {N_{b23} = - \frac{1}{12}( - 1 + \eta^{2})( - 1 + \xi)(6J_{4}\eta( - 1 + \eta^{2}) + J_{2}(1 + \xi)( - 1 + \eta^{2} + (3 - 2\xi)\xi))} \\
 & {N_{b24} = \frac{1}{12}( - 1 + \eta^{2})( - 1 + \xi)(6J_{3}\eta( - 1 + \eta^{2}) + J1(1 + \xi)( - 1 + \eta^{2} + (3 - 2\xi)\xi))} \\
\end{aligned}$$

The nine-node quadrilateral element (QUAD9NOD) {#s0080}
==============================================

The QUAD9NOD element has nine nodes. It has six degrees of freedom per node with a total of 54 degrees of freedom. It has the global, local, and reference coordinates shown in [Fig. 1](#f0005){ref-type="fig"}d. The element interpolation and shape functions were derived in the following.

For in-plane action {#s0085}
-------------------

The interpolation polynomial for in-plane action selected from Pascal's Triangle has the form$$\mathbf{P}_{\mathbf{p}} = \begin{Bmatrix}
{1\text{,}} & {\xi\text{,}} & {\eta\text{,}} & {\eta\xi\text{,}} & {\xi^{2}\text{,}} & {\eta^{2}\text{,}} & {\xi^{2}\eta\text{,}} & {\eta^{2}\xi\text{,}} & {\xi^{2}\eta^{2}} \\
 & & & & & & & & \\
\end{Bmatrix}$$and subsequently the in-plane shape functions have the form$$\begin{aligned}
 & {N_{p1} = \frac{1}{4}( - \eta + \eta^{2})( - \xi + \xi^{2})\text{,}N_{p2} = \frac{1}{4}( - \eta + \eta^{2})(\xi + \xi^{2})} \\
 & {N_{p3} = \frac{1}{4}(\eta + \eta^{2})(\xi + \xi^{2})\text{,}N_{p4} = \frac{1}{4}(\eta + \eta^{2})( - \xi + \xi^{2})} \\
 & {N_{p5} = \frac{1}{2}( - \eta + \eta^{2})(1 - \xi^{2})\text{,}N_{p6} = \frac{1}{2}(1 - \eta^{2})(\xi + \xi^{2})} \\
 & {N_{p7} = \frac{1}{2}(\eta + \eta^{2})(1 - \xi^{2})\text{,}N_{p8} = \frac{1}{2}(1 - \eta^{2})( - \xi + \xi^{2})} \\
 & {N_{p9} = (1 - \eta^{2})(1 - \xi^{2})} \\
\end{aligned}$$

For bending action {#s0090}
------------------

The interpolation polynomial for bending action was selected carefully from the well-known Pascal Triangle. Initially, the following basis functions were selected;$$\mathbf{P}_{\mathbf{b}} = \begin{Bmatrix}
{1\text{,}\xi\text{,}\eta\text{,}\xi^{2}\text{,}\eta\xi\text{,}\eta^{2}\text{,}\xi^{3}\text{,}\eta\xi^{2}\text{,}\eta^{2}\xi\text{,}\eta^{3}\text{,}\xi^{4}\text{,}\eta\xi^{3}\text{,}\eta^{3}\xi\text{,}\eta^{4}\text{,}\eta^{2}\xi^{2}\text{,}\xi^{5}} \\
{\text{,}\eta\xi^{4}\text{,}\eta^{2}\xi^{3}\text{,}\eta^{3}\xi^{2}\text{,}\eta^{4}\xi\text{,}\eta^{5}\text{,}\eta\xi^{5}\text{,}\eta^{2}\xi^{4}\text{,}\eta^{4}\xi^{2}\text{,}\eta^{5}\xi\text{,}\eta^{4}\xi^{2}\text{,}\eta^{2}\xi^{4}\text{,}} \\
\end{Bmatrix}$$

Using the above basis functions yielded singular **C** matrix. The rank of the matrix turned out to be 23 instead of 24, which indicated that two terms result in repeated equations. Different terms have been replaced with higher order terms to detect the origin of the singularity. Finally, the bending interpolation function for the QUAD9NOD element is;$$\mathbf{P}_{\mathbf{b}} = \begin{Bmatrix}
{1\text{,}\xi\text{,}\eta\text{,}\eta\xi\text{,}\xi^{2}\text{,}\eta^{2}\text{,}\xi^{3}\text{,}\eta\xi^{2}\text{,}\eta^{2}\xi\text{,}\eta^{3}\text{,}\xi^{4}\text{,}\eta\xi^{3}\text{,}\eta^{3}\xi\text{,}\eta^{4}\text{,}\xi^{5}\text{,}\eta\xi^{4}\text{,}} \\
{\eta^{4}\xi\text{,}\eta^{5}\text{,}\eta\xi^{5}\text{,}\eta^{2}\xi^{4}\text{,}\eta^{4}\xi^{2}\text{,}\eta^{5}\xi\text{,}\eta^{2}\xi^{5}\text{,}\eta^{5}\xi^{2}\text{,}\frac{1}{2}(\eta^{2}\xi^{2} + \eta^{3}\xi^{3})} \\
\end{Bmatrix}$$and subsequently the bending shape functions are$$\begin{aligned}
 & {N_{b1} = \frac{1}{8}( - 1 + \eta)\eta( - 1 + \xi)\xi(4 + \eta^{2} + 3\eta^{3} + \eta(2 + 6\xi) + \xi(2 + \xi + 3\xi^{2}))} \\
 & {N_{b2} = \frac{1}{8}( - 1 + \eta)\eta( - 1 + \xi)\xi(J_{4}(1 + \eta^{3} + \xi + \eta\xi) + J_{2}(1 + \eta + \eta\xi + \xi^{3}))} \\
 & {N_{b3} = - \frac{1}{8}( - 1 + \eta)\eta( - 1 + \xi)\xi(J_{3}(1 + \eta^{3} + \xi + \eta\xi) + J_{1}(1 + \eta + \eta\xi + \xi^{3}))} \\
 & {N_{b4} = \frac{1}{8}( - 1 + \eta)\eta\xi(1 + \xi)( - 8 + \eta(2 + \eta)( - 5 + 3\eta) + 10\xi + 6\eta\xi + \xi^{2} - 3\xi^{3})} \\
 & {N_{b5} = \frac{1}{8}( - 1 + \eta)\eta\xi(1 + \xi)(J_{4}( - 1 + \eta^{3} + \eta( - 2 + \xi) + \xi) + J_{2}(1 + \eta - (2 + \eta)\xi + \xi^{3}))} \\
 & {N_{b6} = - \frac{1}{8}( - 1 + \eta)\eta\xi(1 + \xi)(J_{3}( - 1 + \eta^{3} + \eta( - 2 + \xi) + \xi) + J_{1}(1 + \eta - (2 + \eta)\xi + \xi^{3}))} \\
 & {N_{b7} = - \frac{1}{8}\eta(1 + \eta)\xi(1 + \xi)( - \eta^{2} + 3\eta^{3} + \eta(2 - 6\xi) + ( - 1 + \xi)(4 + \xi(2 + 3\xi)))} \\
 & {N_{b8} = \frac{1}{8}\eta(1 + \eta)\xi(1 + \xi)(J_{4}( - 1 + \eta^{3} + \xi - \eta\xi) + J_{2}( - 1 + \eta - \eta\xi + \xi^{3}))} \\
 & {N_{b9} = - \frac{1}{8}\eta(1 + \eta)\xi(1 + \xi)(J_{3}( - 1 + \eta^{3} + \xi - \eta\xi) + J_{1}( - 1 + \eta - \eta\xi + \xi^{3}))} \\
 & {N_{b10} = - \frac{1}{8}\eta(1 + \eta)( - 1 + \xi)\xi(8 + ( - 2 + \eta)\eta(5 + 3\eta) + 10\xi - 6\eta\xi - \xi^{2} - 3\xi^{3})} \\
 & {N_{b11} = \frac{1}{8}\eta(1 + \eta)( - 1 + \xi)\xi(J_{2}( - 1 + \eta + ( - 2 + \eta)\xi + \xi^{3}) + J_{4}(1 + \eta^{3} + \xi - \eta(2 + \xi)))} \\
 & {N_{b12} = - \frac{1}{8}\eta(1 + \eta)( - 1 + \xi)\xi(J_{1}( - 1 + \eta + ( - 2 + \eta)\xi + \xi^{3}) + J_{3}(1 + \eta^{3} + \xi - \eta(2 + \xi)))} \\
 & {N_{b13} = - \frac{1}{4}( - 1 + \eta)\eta(\eta( - 4 + \eta + 3\eta^{2}) + 6(1 + \eta)\xi - 2\xi^{2})( - 1 + \xi^{2})} \\
 & {N_{b14} = - \frac{1}{4}( - 1 + \eta)\eta( - 1 + \xi^{2})(J_{4}(\eta^{3} + \eta( - 1 + \xi) + \xi) - 2J_{2}\xi( - 1 + \xi^{2}))} \\
 & {N_{b15} = \frac{1}{4}( - 1 + \eta)\eta( - 1 + \xi^{2})(J_{3}(\eta^{3} + \eta( - 1 + \xi) + \xi) - 2J_{1}\xi( - 1 + \xi^{2}))} \\
 & {N_{b16} = \frac{1}{4}( - 1 + \eta^{2})\xi(1 + \xi)(2\eta^{2} - 6\eta( - 1 + \xi) + \xi(1 + \xi)( - 4 + 3\xi))} \\
\end{aligned}$$$$\begin{aligned}
 & {N_{b17} = \frac{1}{4}( - 1 + \eta^{2})\xi(1 + \xi)(2J_{4}\eta( - 1 + \eta^{2}) + J_{2}(\eta( - 1 + \xi) + \xi - \xi^{3}))} \\
 & {N_{b18} = - \frac{1}{4}( - 1 + \eta^{2})\xi(1 + \xi)(2J_{3}\eta( - 1 + \eta^{2}) + J_{1}(\eta( - 1 + \xi) + \xi - \xi^{3}))} \\
 & {N_{b19} = \frac{1}{4}\eta(1 + \eta)( - 1 + \xi^{2})(\eta(1 + \eta)( - 4 + 3\eta) - 6( - 1 + \eta)\xi + 2\xi^{2})} \\
 & {N_{b20} = - \frac{1}{4}\eta(1 + \eta)( - 1 + \xi^{2})(J_{4}( - 1 + \eta)(\eta + \eta^{2} - \xi) - 2J_{2}\xi( - 1 + \xi^{2}))} \\
 & {N_{b21} = \frac{1}{4}\eta(1 + \eta)( - 1 + \xi^{2})(J_{3}( - 1 + \eta)(\eta + \eta^{2} - \xi) - 2J_{1}\xi( - 1 + \xi^{2}))} \\
 & {N_{b22} = \frac{1}{4}( - 1 + \eta^{2})( - 1 + \xi)\xi(2\eta^{2} - 6\eta(1 + \xi) - \xi( - 4 + \xi + 3\xi^{2}))} \\
 & {N_{b23} = - \frac{1}{4}( - 1 + \eta^{2})( - 1 + \xi)\xi( - 2J_{4}\eta( - 1 + \eta^{2}) + J_{2}(\eta + ( - 1 + \eta)\xi + \xi^{3}))} \\
 & {N_{b24} = \frac{1}{4}( - 1 + \eta^{2})( - 1 + \xi)\xi( - 2J_{3}\eta( - 1 + \eta^{2}) + J_{1}(\eta + ( - 1 + \eta)\xi + \xi^{3}))} \\
 & {N_{b25} = - ( - 1 + \eta^{2})( - 1 + \xi^{2})( - 1 + \eta^{2} - 3\eta\xi + \xi^{2})} \\
 & {N_{b26} = - ( - 1 + \eta)(1 + \eta)( - 1 + \xi)(1 + \xi)(J_{4}\eta( - 1 + \eta^{2}) + J_{2}\xi( - 1 + \xi^{2}))} \\
 & {N_{b27} = ( - 1 + \eta)(1 + \eta)( - 1 + \xi)(1 + \xi)(J_{3}\eta( - 1 + \eta^{2}) + J_{1}\xi( - 1 + \xi^{2}))} \\
\end{aligned}$$

The test problems {#s0095}
-----------------

It has been mentioned earlier that the aim of the present work was to compare between different shell finite elements with different behavior for elastic and aero-elastic analyses. This will enable any researcher to select the shell element which best suits his/her specific application. Different test benchmark problems are considered for elastic and aero-elastic analyses. These problems are described in detail in this section in addition to their mathematical models. These models are implemented in the next section into *MATLAB* codes, which are carefully constructed and validated. For each problem, a suitable number of elements was selected based on convergence analysis. The number of elements was increased till the response converged to a certain value. Then the results were compared with published experimental or analytical solutions.

Study of the natural frequencies of free vibration of an elastic square plate {#s0100}
=============================================================================

Problem formulation {#s0105}
-------------------

This problem was presented by Safizadeh et al. [@b0100] in which an analytical solution was provided. It deals with a square plate (1 m × 1 m) with thickness *t* equal 0.003 m and the material properties, elastic modulus, mass density, and Poisson's ratio$$E = 71\ \text{Gpa,}\mspace{6mu}\rho = 2700\ \text{kg}/\text{m}^{3}\text{,}\mspace{6mu}\text{and}\mspace{6mu}\nu = 0.3$$

The plate is fixed along all sides.

The mathematical model {#s0110}
======================

The plate natural frequencies are calculated by solving the eigenvalue problem$$(\mathbf{K}_{\mathbf{b}} - \omega^{2}\mathbf{M}_{\mathbf{b}})\mathbf{W} = 0$$where the subscript *b* refers to the bending action and the mass and stiffness matrices are calculated from the strain displacement matrix and the shape functions

$$\begin{aligned}
 & {\mathbf{K}_{b}^{e} = \int_{V}\mathbf{B}_{b}^{\mathbf{T}}\mathbf{D}_{\mathbf{s}}\mathbf{B}_{b}\mathit{dV} = \frac{t^{3}}{12}\iint\mathbf{B}_{b}^{\mathbf{T}}\mathbf{D}_{\mathbf{s}}\mathbf{B}_{b}J_{\det}d\xi d\eta} \\
 & {\mathbf{M}_{b}^{e} = \int_{V}\mathbf{N}_{\mathbf{b}}^{\mathbf{T}}\mathbf{N}_{\mathbf{b}}\mathit{dV} = \rho\iint\mathbf{N}_{\mathbf{b}}^{\mathbf{T}}\mathbf{IN}_{\mathbf{b}}J_{\det}d\xi d\eta} \\
 & {\mathbf{I} = \begin{bmatrix}
t & 0 & 0 \\
0 & \frac{t^{3}}{12} & 0 \\
0 & 0 & \frac{t^{3}}{12} \\
 & & \\
\end{bmatrix}} \\
\end{aligned}$$

The superscript *e* means that these matrices are calculated over each element and then assembled in the global coordinates.

**D~s~** is the isotropic material stiffness matrix$$\mathbf{D}_{\mathbf{s}} = \frac{E}{1 - \nu^{2}}\begin{bmatrix}
1 & \nu & 0 \\
\nu & 1 & 0 \\
0 & 0 & \frac{1 - \nu}{2} \\
 & & \\
\end{bmatrix}$$

Stress and deformation analysis of metallic plate wing {#s0115}
======================================================

The problem formulation {#s0120}
-----------------------

The elastic stress and displacement analysis performance of the considered elements was tested by analyzing a plate-like straight-rectangular wing under aerodynamic load. The wing geometry was shown in [Fig. 2](#f0010){ref-type="fig"}. The aerodynamic analysis was performed by using the Doublet lattice method [@b0115]. A convergence analysis was performed to select the suitable number of elements for both the aerodynamic and finite element analyses.Fig. 2Plate wing plane form geometry.

**The material properties are**

Young's Modulus = 98E9 Pa, Poison's ratio = 0.28, plate thickness = 0.001 m

**The flow properties are**

Speed = 30 m/s, density = 1.225 kg/m^3^, AOA = 3°

AOA is the flow angle of attack.

The mathematical model {#s0125}
======================

First the stiffness matrix for both the in-plane and bending actions are derived. The stiffness matrix of the bending action $\mathbf{K}_{\mathbf{b}}^{e}$ is given in Eq. [(40)](#e0205){ref-type="disp-formula"} and the in-plane stiffness matrix $\mathbf{K}_{\mathbf{p}}^{e}$ has the form$$\mathbf{K}_{\mathbf{p}}^{\mathbf{e}} = \int_{V}\mathbf{B}_{p}^{\mathbf{T}}\mathbf{D}_{\mathbf{s}}\mathbf{B}_{p}\mathit{dV} = t\iint\mathbf{B}_{p}^{\mathbf{T}}\mathbf{D}_{\mathbf{s}}\mathbf{B}_{p}J_{\det}d\xi d\eta$$

The elastic problem was solved to find the displacements, then the stresses are calculated using the equation$$\begin{Bmatrix}
\sigma_{x} \\
\sigma_{y} \\
\tau_{\mathit{xy}} \\
 \\
\end{Bmatrix} = \mathbf{D}_{\mathbf{s}}(\mathbf{B}_{\mathbf{p}} \cdot \mathbf{\delta}_{\mathbf{p}} - z\mathbf{B}_{\mathbf{b}} \cdot \mathbf{\delta}_{\mathbf{b}})$$where $\mathbf{\delta}_{\mathbf{p}}$ is the local in-plane displacements vector and $\mathbf{\delta}_{\mathbf{b}}$ is the local bending displacements vector.

Wing aero-elastic analysis {#s0130}
==========================

Problem formulation {#s0135}
-------------------

The finite element selection in aero-elastic analysis is always a problem. The point is to select the suitable element for accurate aero-elastic calculations and load transformation between the aerodynamic model and the structural model and vice versa. For this purpose, a comparison was made between different finite elements for aero-elastic analysis.

The results are compared with published experimental results. For all the finite elements, the shape functions are used in the aero-elastic coupling, rather than the conventional spline interpolation, to make the model more accurate and consistent [@b0120].

A straight-rectangular plate wing model made of laminated composite materials was analyzed with different laminate configurations. The wing has the same plane form shown in [Fig. 2](#f0010){ref-type="fig"}. The suitable number of elements was selected for both the aerodynamic and finite element analyses throughout convergence analyses. The lamina material properties were E~L~ = 98 Gpa, E~T~ = 7.9 Gpa, G~LT~ = 5.6 Gpa, $\upsilon_{L}$ = 0.28, ρ = 1520 kg/m^3^, t = 0.134e−3m

Mathematical model {#s0140}
------------------

The need to decrease the aircraft structural weight for economic purposes leads to an increase in the aircraft flexibility, and subsequently the tendency for aero-elastic instability. The wing aero-elastic instability was categorized into divergence and flutter analyses [@b0125], [@b0130], [@b0135], [@b0140], [@b0145]. In the former, analysts were interested in determining the minimum speed at which wing static torsional instability takes place. In the latter, analysts were interested in determining the minimum speed at which wing dynamic instability flutter takes place. For both analyses, the doublet lattice method was used for the steady and unsteady aerodynamic analyses [@b0115] for all elements. An exception was the linear triangular element where the vortex lattice method [@b0150] was used in the steady aerodynamic analysis because it produces more accurate results, although it needs more elements and subsequently longer computation time. For this reason, it was not considered for the rest of elements, as the doublet lattice method was enough and smaller computational time.

The problem was solved by developing two models; one for the structural analysis and the other for the aerodynamic analysis. Then, the aerodynamic coefficient or stiffness matrix was transformed into the structural nodes by means of either spline interpolation or by the same shape functions of the finite element. The use of the shape functions of the finite element in the connection between the finite element model and the aerodynamic model was found to be more accurate and consistent than the spline method [@b0120]. The mathematical models for both the divergence and flutter analyses are presented in this section.

### The divergence analysis {#s0145}

Divergence can be regarded as a static torsional instability that occurs for aircraft wings at a certain flight speed. The divergence speed can be calculated by solving the eigenvalue problem$$(\mathbf{K}_{b} - q_{\infty}\mathbf{A}_{\mathbf{s}})\mathbf{W} = 0$$where **A~s~** is the aerodynamic stiffness transformed from the aerodynamic control points into the finite element nodes by using the element shape functions [@b0155], and $q_{\mathit{div}}$ represents the dynamic pressure at which divergence takes place.$$q_{\mathit{div}} = \frac{1}{2}\rho V_{\mathit{div}}^{2}$$where $V_{\mathit{div}}$ is the velocity at which the divergence occurs.

### The flutter analysis {#s0150}

Flutter can be regarded as a dynamic instability that occurs to aircraft wings at a certain flight speed. The flutter speed was determined by solving the eigenvalue problem$$\left( {\mathbf{K}_{b}^{- 1}\left( {\mathbf{M}_{b} + \frac{\rho b_{r}^{2}}{2k^{2}}\mathbf{A}_{\mathbf{sd}}} \right) - \frac{1 + i\varsigma}{\omega^{2}}\mathbf{I}} \right)\mathbf{W} = 0$$where *b~r~* is a reference length (chosen to be half the wing root chord), **A~sd~** is the unsteady aerodynamic stiffness matrix transformed from the aerodynamic control points to the finite elements nodes by using the element shape functions [@b0155], while *k* is known as the reduced frequency which is defined as$$k = \frac{b_{r}\omega}{V_{f}}$$

Eq. [(46)](#e0235){ref-type="disp-formula"} comprises two unknowns; the speed *V* and the frequency ω, and both can be obtained by iteration where the flutter occurs at zero damping coefficient ς.

It is worth noting that Eq. [(46)](#e0235){ref-type="disp-formula"} is nested and solved using the k-method.

Aerodynamic analysis and aero-elastic coupling {#s0155}
----------------------------------------------

The aerodynamic coefficient matrix **A~s~** for steady aerodynamic analysis was calculated using either the Vortex Lattice Method (VLM) [@b0150] or the Doublet Lattice Method (DLM) [@b0115]. Then, they were transformed to the structural coordinates as following$$\mathbf{A}_{s} = \mathbf{GN}_{1}\mathbf{A}_{\mathit{steady}}^{- 1}\mathbf{GN}_{2\mathbf{d}}$$where A~steady~ is the steady aerodynamic coefficient matrix at the aerodynamic control points. GN~1~ and GN~2d~ are transformation matrices calculated from the element bending shape functions.$$\mathbf{GN}_{1} = \mathbf{T}^{\mathbf{T}}\iint\mathbf{N}_{\mathbf{b}}^{\mathbf{T}}\mathit{dxdy}\mathbf{\Lambda}$$**T** and $\mathbf{\Lambda}$ are geometric transformation matrices that connect between the global structural coordinates and the element local coordinates.$$\mathbf{GN}_{2d} = \mathbf{T}^{\mathbf{T}}\sum\limits_{i = 1}^{n}\mathbf{N}^{\mathbf{T}}\mathbf{\Lambda}$$*n* represents the number of aerodynamic control points in each element.

In flutter analysis, the unsteady aerodynamic coefficient matrix **A~sd~** was calculated using the DLM.$$\mathbf{A}_{\mathbf{sd}} = \mathbf{GN}_{1}\mathbf{A}_{\mathit{unsteady}}^{- 1}\mathbf{BcGN}_{2\mathbf{f}}$$**A**~unsteady~ is the unsteady aerodynamic coefficient matrix at the aerodynamic control points. **GN**~2f~ is calculated as **GN**~2d,~ by considering the lateral displacement ***w****.* **Bc** is a boundary conditions matrix calculated as$$\mathbf{Bc} = \left\lbrack {\frac{i \ast k}{b_{r}}\text{,} - 1} \right\rbrack$$

Laminated plate elastic analysis {#s0160}
================================

Problem formulation {#s0165}
-------------------

To present a complete picture regarding the differences between the considered finite elements, a comparison between them for the analysis of a composite laminated plate was established. A square plate was considered with 25 cm side length and 1 cm total thickness [@b0160]. The lamina material properties were E~L~ = 52.5 MPa, E~T~ = 2.1 MPa, G~LT~ = 1.05 MPa, $\upsilon_{L}$ = 0.25. Reddy [@b0160] presents an analytical solution for the maximum displacement of the square plate subject to a distributed pressure of 1 N/cm^2^. Two laminate configurations were considered as well as two different boundary conditions. The analytical results are represented in the following section.

The mathematical model for this problem is exactly the same as that of the elastic deformation problem, but with imposing the effect of composite material on the stress-strain relation. More details can be found in Reddy [@b0160].

Results and discussion {#s0170}
======================

The selected finite elements are tested by the four problems described in the previous section, and the results are demonstrated in this section. All the analyses have been performed on a personal computer with an i7 processor CPU @ 3.6 G*Hz*, intel core and 16 GB RAM. The results for each analysis are shown in the next subsection.

The dynamic elastic analysis {#s0175}
----------------------------

The problem of the square plate presented in the previous section was implemented on a computer code using *MATLAB* software. [Table 1](#t0005){ref-type="table"} shows the predicted natural frequencies. The first column contains the analytical solution [@b0100] for the first five natural frequencies, while the finite element results are listed in the rest of the columns. Results have shown that the natural frequencies predicted by the different types of finite elements are in general less than those predicted by the analytical model. The frequency values obtained by using the Linear Triangular Element are farthest from the analytical ones and the number of elements (N_elem) needed to reach convergence is a maximum. On the other hand, the frequencies obtained by using the Linear Quadrilateral Element based on deformation modes are closest to the analytical solution. The MKQ12 performed even better than the higher order elements, which were expected to produce accurate results in bending analysis. The number of elements needed to reach convergence in the linear quadrilateral element based on deformation modes is also the same as those of higher order elements.Table 1The natural frequencies of clamped square plate \[Hz\].ModeAnalytical (20)LINTRILINQUADMKQ12QUAD8NOQUAD9NOD128.4726.226.5426.8126.6826.61258.0653.3554.0654.7854.3954.27358.0653.3554.0654.7854.3954.25485.6678.3579.0981.4980.380.015104.0995.5496.9198.2997.4297.24N~elem~--800225100100100

The average error percentage and processing time of each element are demonstrated in [Fig. 3](#f0015){ref-type="fig"}. The product of the average error percent and processing time can be used as a measure of excellence of the finite element, where the best element has the minimum value for the product. This product is given in [Table 2](#t0010){ref-type="table"}, which shows that the linear quadrilateral element based on deformation modes is the best element to use in this type of problems.Fig. 3The average error and execution time of each finite element in the frequency analysis.Table 2The product of the average error percentage and processing time for various finite elements.ModeLINTRILINQUADMKQ12QUAD8NOQUAD9NOD$\in$*~avg~* × Time125.523.87.725.8101

Plate wing stress and displacement analysis {#s0180}
-------------------------------------------

The elastic performance of a plate wing under steady aerodynamic load was studied using the five finite elements under consideration. The values of the maximum Von Mises stresses and maximum displacements are tabulated in [Table 3](#t0015){ref-type="table"} and plotted in [Fig. 4](#f0020){ref-type="fig"} together with the execution time. [Fig. 5](#f0025){ref-type="fig"} shows the distribution of the Von Mises stress in the wing for each element type. The stresses are calculated in the case of triangular elements over the mid-side points and then averaged over the element. In case of the quadrilateral elements, the stresses are determined at the element integration points, and then averaged over the element.Fig. 4Max. displacement and stress of the plate wing in addition to the executing time.Fig. 5The Von Mises stresses for each element model.Table 3Max. displacement and stress over the plate wing under aerodynamic load.ElementLINTRILINQUADMKQ12QUAD8NOQUAD9NODd~max~ \[mm\]19.120.320.320.419.9σ~max~ \[MPa\]28.932.933.234.434.1N~elem~1921201206060Time \[s\]20.45.28.167.9

Since there was neither analytical nor experimental data available for this model, the error percentage cannot be computed for this particular problem. However, it is clear from [Fig. 5](#f0025){ref-type="fig"} that the stress distribution resulting from using higher order elements (QUAD8NOD and QUAD9NOD) is the smoothest and most realistic. This can be attributed to the higher order interpolation functions for displacements, which render the stress distribution (derived from the displacement derivatives) continuous. Hence, if all the results are considered together, the best performing element can be considered to be the QUAD8NOD element, which results in accurate displacement and stress distributions, together with a reasonable computational time. Following this element comes the QUAD9NOD in the second place. On the other hand, the LINTRI element comes as the worst element for wing stress analysis from the point of view of computation time and stress distribution as seen in [Fig. 5](#f0025){ref-type="fig"}.

Composite plate wing aero-elastic analysis {#s0185}
------------------------------------------

The static and dynamic aero-elastic analysis of a composite plate wing was carried out using the five elements. The results are listed in [Table 4](#t0020){ref-type="table"} for the smaller of the divergence and Flutter speeds. The wing aero-elastic analysis was performed for different laminate configurations. The subscript *D* refers to the Divergence speed while subscript *F* refers to the Flutter speed. The error percent, the average error, and the computation time are listed in [Table 5](#t0025){ref-type="table"} and plotted in [Fig. 6](#f0030){ref-type="fig"}. Considering the minimum value of the product of the average error and execution time to be the sign of excellence, we find that the QUAD9NOD element was the best choice for wing aero-elastic analysis, followed by the QUAD8NOD element.Fig. 6The average error and computation time for each element.Table 4Divergence speed of the plate wing related to different laminate configurations.Laminate configurationDivergence/Flutter Speed \[m/s\]Exp [@b0095]LINTRI [@b0155]LINQUADMKQ12QUAD8NODQUAD9NOD\[0 0 90 90 0 0\]25~F~25.4/26.425.4/24.4725.5/25.925.4~F~52.6/25.3\[45 −45 0 0 −45 45\]\>3247.5~F~43.8~F~46.8~F~45.6~F~46.6~F~\[45 45 0 0 45 45\]28~F~27.8~F~26.1~F~27.6~F~29.2~F~29~F~\[−45 −45 0 0 −45 −45\]12.5~D~12.7/29.111.4/26.911.5/2912.86/23.512.88/32.4\[30 30 0 0 30 30\]27~F~27.4~F~26.1~F~27.16~F~28.1~F~27.8~F~\[−30 −30 0 0 −30 −30\]11.7~D~12.8/48.111.58/33.711.67/35.0913/31.413/30.6N~elem~--4896961212FE mesh--3 × 86 × 166 × 162 × 62 × 6DLM mesh--8 × 126 × 126 × 127 × 126 × 12Table 5The error % in each analysis and the computation time.Laminate configurationError %LINTRILINQUADMKQ12QUAD8NODQUAD9NOD\[0 0 90 90 0 0\]5.62.13.71.61.3\[45 −45 0 0 −45 45\]----------\[45 45 0 0 45 45\]0.76.81.44.43.6\[−45 −45 0 0 −45 −45\]1.68.87.72.93.1\[30 30 0 0 30 30\]1.53.30.64.23.2\[−30 −30 0 0 −30 −30\]5.62.13.71.61.3$\in$*~avg~* %2.35.23.43.32.8Time \[s\]12020.322.817.618.6$\in$*~avg~* × Time27610677.558.152.1

Laminated plate elastic analysis {#s0190}
--------------------------------

The square laminated plate was analyzed for \[0, 90\]^o^ and \[−45, 45\]° laminate configurations. Two boundary conditions were considered; in the first all the plate sides were simply supported, and in the second all the plate sides were clamped [@b0160]. The analytical results are listed in [Table 6](#t0030){ref-type="table"}, and the average error and computation time for each element are depicted in [Fig. 7](#f0035){ref-type="fig"}. The analyses are obtained for the maximum normalized bending displacement,$$\overline{w} = \frac{100w_{\text{max}}E_{T}t_{\mathit{tot}}^{3}}{L^{4}P}$$where $w_{\text{max}}$ is the plate maximum thickness, $t_{\mathit{tot}}$ is the total laminate thickness, L is the side length, and P is the applied pressure load.Fig. 7The average error and computational time of laminated plate elastic analysis.Table 6Laminated elastic plate maximum normalized displacement.BC\'sLaminate configAnalyticalLINTRILINQUADMKQ12QUAD8NODQUAD9NODSimply supported\[0, 90\]1.69551.7191.611.6061.69581.6996\[−45, 45\]0.67730.69020.85540.87210.71980.6925Fixed\[0, 90\]0.38140.39520.38060.3710.40960.3968\[−45, 45\]0.38910.39010.2940.28650.42290.4078N~elem~--2001441443625

The results have shown that the linear triangular and the 9-node quadrilateral elements are the best elements for laminated composite analysis from the accuracy point of view. However, the linear triangular element (LINTRI) needs higher number of elements, and subsequently, longer computational time. On the other hand, the worst elements for laminated composite analysis were the LINQUAD and the MKQ12 elements as they have the maximum relative average error.

Conclusions {#s0195}
===========

In the present paper, five different thin shell finite elements were considered. The five elements were the Linear Triangular Element (LINTRI), the Linear Quadrilateral Element (LINQUAD), the Linear Quadrilateral Element Based on Deformation Modes (MKQ12), the 8-Node Quadrilateral Element (QUAD8NOD), and the 9-Node Quadrilateral Element (QUAD9NOD). A simple and detailed mathematical model to derive the interpolation functions and the stiffness matrix of each element was presented. The basis functions were selected from the well-known Pascal Triangle to minimize the order of the interpolation functions. However, singularities existed and specific terms had to be removed and replaced with other terms to eliminate the source of singularities. The five elements were tested using several elastic and aero-elastic analyses through three carefully selected bench mark problems with analytical or experimental results available in the literature. In order to have a fair comparison, a convergence analysis was conducted for each element and the minimum number of elements needed for convergence was used in the comparison.

From the present investigation, it was found that the MKQ12 element was the best choice for elastic free vibration analysis of a plate, since it yields the most accurate results with the minimum execution time. The second choice is the QUAD8NOD element, and the worst results are produced by the LINTRI element. In case of elastic thin shells, and if the stress analysis was sought, the most accurate elements are naturally the higher order elements. From the point of view of time and accuracy, the best element was found to be the QUAD8NOD element, and the QUAD9NOD element comes out second. The worst element for this kind of analysis was the LINTRI element, which requires longer computational times and produces discontinuous stress distributions.

For aero-elastic analysis, the most accurate results are obtained by using the LINTRI element, however, it requires the longest computational time. The best element for this type of analysis was found to be the QUAD9NOD element considering its accuracy and computational time. The second choice was the QUAD8NOD element. It is worth noting that in spite of its bad performance in elastic analysis, the LINTRI element was found to be more consistent to use with the Vortex Lattice Method in the aero-elastic analysis, but it requires long computation time. In laminated composite plate analysis, the best recommended elements are either the LINTRI or QUAD9NOD. However, the LINTRI element requires dense mesh, and subsequently longer computational time. The present results can serve many researchers and engineers interested in elastic and aero-elastic analyses, especially those who find difficulties in finding the detailed formulation of the finite elements, and those who are confused in selecting specific elements for specific application.
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